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AN M-SPACE WHICH IS NOT ISOMORPHIC
TO A C(K) SPACE

BY
Y. BENYAMINI"

ABSTRACT

We give a new example of an L'(x) predual which is not isomorphic to a C(K)
space. The space constructed here is a non-separable M-space. By a previous
theorem of the author, the separable M-spaces are isomorphic to C(K) spaces.

While Banach spaces whose duals are L'(u) spaces share many of the
properties of C(K) spaces, an example was constructed in [2] of an L'(u)
predual which is not isomorphic to a C(K) space. It was later proved in [1] that a
more restricted class of L'(u) preduals, namely, the separable G-spaces (and in
particular separable M-spaces), are isomorphic to C(K) spaces. (Recall that a
subspace X of a C(K) space is called an M-space, if there are points k., h, € K
and non-negative numbers 7,, such that X = {f € C(K): f(k.) = 7.f(h.) for all
a}. By a famous result of Kakutani [4], the M-spaces are exactly the closed
sublattices of C(K) spaces.) In this paper we show that the separability condition
in 1] cannot be dropped. We construct a non-separable M-space which is not
isomorphic to a complemented subspace of any C(K) space. The example here
is simpler than the one in [2], the latter is however a separable space, and in fact
a predual of /..

For a Banach space X, let A(X)=inf| T}l {| 77|l || P{|, where the inf is taken
over all isomorphisms T of X into a C(K) space, and all possible projections P
from C(K) onto TX. Denote by Bx- the unit ball of X* in its w *-topology, and
consider X canonically as a subspace of C(Bx.). By the lemma in (2],
A(X) = inf| P |, where the inf is taken over all projections P from C(Bx-) onto
X.

We now describe the example. Let S be the disjoint union of BN and BN — N
(where BN is the Stone-Cech compactification of the integers.) Denote by K the

' This research was partially supported by NSF Grant MPS 74-2449.
Received August 2, 1976

98



Vol. 28, 1977 AN M-SPACE 99

copy of BN — N in 8N, and by H the disjoint copy of BN — N, and let ¢: K-> H
be the map that identifies K and H. For a fixed number 0 <7 <1 let
X, ={f€ C(S): f(k)=7f(¢(k)) for all k € K}. X. is an M space, and we shall
show that A(X,)= 1/7. (In fact X, is 1/7-isomorphic to C(BN) and is thus a Py,
space. Hence A(X.)=1/7).

The space X = (2, @ Xyn)e is an M-space, and A(X) 2 A(Xy.) = n for all n,
i.e. A(X)= and X is not complemented in any C(K) space.

A standard computation gives that X can be identified with the measures
on S that vanish on K, i.e., if we denote by 8, the point mass at n, then
w=2pu(n)s, + v, where v is supported on H.

We start with two lemmas.

LEmMMA 1. Let v be a finite measure on some measure space, § >0, I, a natural
member and {A,}L, measurable sets such that every 1+ 1 different A;’s have
empty intersection. If N > || v|1/8, there is a 1=j =N with |v[(A;)<8.

Proor. Let {B.} be the atoms of the field generated by the A;’s. By the
condition, each B, is contained in at most [ A;’s. Thus

N
S 1vla) =13 bl BO= ]
j=1

and since N > | v||l/8, there must be a j with [v|(A;)<é.

Lemma 2. Let v, be measures on Bx:, with sup| v.|= C <x, and £ >0.
Then there exists an infinite subset J of N, such that for all j € J,

’V,—l{,u, € Bx;: 2ncrnx IM(H)’>5}< €.

Proor. Since the v, are finite measures, we can find for each n a number
m(n)>n such that | v, |{ € Bxy: Siomem | (k)| >e/2} <e/2.

Let A, = {u € Bx::|u(n)| > ¢/4}. Since each u € Bx; has norm at most one,
every collection of more then 4/¢ of the A,’s has empty intersection. By Lemma
1 we can find for each 1, a j = 16C/¢” such that | v, | (A;) = £/4. Thus we can find
j1=16C/e* and an infinite set J, satisfying

(@) | v |(A)=¢€/4 for all k €T,

(b) k >m(j,) for all k € J,.

Now let B, = {u € Bx::|u(n)| > €/8}. By the same argument as before, there
is a j€ J, and an infinite set J, C J, with

(@) |w|(B,)=¢/8 for all k € J,,

(b) k >m(j,) for all k € J.
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Continuing similarly we get for each n a j,., in J. and an infinite subset
Jue1 CJ, with

@) v [{n € Bx:: | u(nsr)| > 27 = /22, for all k € J,.4,

(b) k > m(ju.1) for all k € J,....
We now take J = {ji, j, j3, - -}. Then if j € J we have

{,U« € Bx:: gjlu(n)ln}c{u: 20_) lu(n)|> 6/2}

n>m
n¥j

U L(JI {w:|pG)>e/27
and thus

|y {,u: > |u(n)[>s}§e/2+2 g2 <e.

=

PrOOF THAT A(X,)Z 1/r. We start with the remark that if x * is any w *-limit
point of {8,}, then, since every f € X, is continuous on S, x * is a point evaluation
at some point k € K. Thus x*(f)= f(k)= 7f(¢(k)) for all fE X,, and in
particular, || x*| = 7.

Now fix a projection P from C(Bx:) onto X.. Given any number 2>t > 1, we
shall construct an infinite subset M of N, and a function ¥ in C(Bx:) with
W=t such that §,.(P¥)= 1/t for all m € M. If x* is any w*-limit point of
{8 }mem, then also x *(P¥)Z= 1/t, but by the remark above | x*||= 7 and hence
Ve=|¥|[|x*[ | P||=tz| P|, or | P||= 1/¢*7. Since t > 1 was arbitrary, we get
1Pz 1/

Fix e >0suchthat 1+ e(1+1/r)=tand1—((1 + 1/7)| P|+3)e = 1/, and let
J be the infinite set obtained by applying Lemma 2 for this ¢ and v, = P*§,. (We
identify P*8, € C(Bx:)* with Baire measures on By; by Riesz’s theorem).

For j € J denote by

G = {M € Bx:: ;}l#(")'é 8}-

n¥j

For a subset L of N, let Ly = ¢(L\L), i.e., Ly is the copy in H of the limit
points of L in BN. Let # be an uncountable collection of infinite subsets of J
such that any pair of them has at most a finite intersection. For each M € A, the
set

G(M)={p € Bx;: |u(My)| > e} = Uun {w:f gdu|>e +1/i}

m n>m
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is a Baire subset of Bx:, where g, € X, is given by
1 s E My
gis)=1r seM\{L2 - n}
0 otherwise

Since My, N Ly = Jfor distinct M and L in #, every collection of more then 1/¢
of the G(M)’s have empty intersection. Since # is uncountable, we get by
Lemma 1 that there is an M € # such that [ v, |(G(M)) =0 for all n € N. This is
the set M we choose.

To define ¥, let g € X, be defined by

1 SEM
g(s)y =17 sE My
0 otherwise.

As an element in X,, g is also in C(Bx:) and we define for p € By:

gw) it [g(w)]=t
V(p)= t if  glp)zt
~t if gln)= ~t

Let us first compute g(u) for u € G.\G(M), m € M.

By the definition of g, g(pn) = Z.emu (n)+ /7w (My). But u & G(M) implies
that [u(My)|= ¢, also u € G, implies that Z.cynxm [p(n)| = ¢ (recall that
M C J). Hence g(u)= p(m)+ n(u), where |n{un)|= e + ¢/r. In particular if
pE€GANGM), |[gw)|=1+e(1+1/r)=r and ¥(u)=g(pn).

Let e.. be the unique function in X, such that e.(n)=0if n# m, e.(m)= 1.
Since ¢, € X,, Pe,, = e, and thus

8 (PY)Z 8(em) — | O (em — PY)| = 1— | P*8,n(em — ¥)|.
We now estimate P*8,,(e. —¥) for m € M:

H(\lf—em)dp*amlg

f (¥ — €, )dP*5,,
Gm\G (M)

+ (¥ -e.)dP*8,|.

J'Bx;\(Gm \G (M)

By the choice of M, |P*S.[(G(M))=0, and by the choice of J
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|P*8,. | (Bx:\G») = ¢. Since also |¥ ~e,|[=t+1=3, the second integral is
bounded by 3e.

On G.\G(M) we have already computed that V(n)=g(p)=pu(m)+ n(p) =
em(p)+ m(p) where |n(u)| = e(1+1/7), and thus the first integral is bounded
by e(1+1/7)] Pj.

Hence §,.(P¥)=1-(1+1/7)e| P||-3& = 1/t by the choice of &. This com-
pletes the proof.

REMARK. Notice that X7 contains a r-norming sequence, namely, the
functionals {8.}. Moreover, 7 is the best norming constant of a countable subset
of X7. Indeed, if {u.} C Bx:, we can find, by using an uncountable collection of
finitely intersecting infinite subsets of N, a subset M with | u.. |(My) = 0 for all n.
Let g € X, be defined by

1 SEM
g(s)=19 17 sEMy
0 otherwise.

Then | g || = 1/7, however, for each n, by the choice of M and the definition

of g
[| s = | [ g
S N

Thus if X = (2 Xim)., X* contains a countable total set, but no countable
norming set. (The first example of this type was constructed in [3].)

=1

ProprLeM. Let K be a compact Hausdorff space, such that C(K)* contains a
countable total set. Does C(K)* contain a countable norming set?
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